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Abstract. A formula for calculating moments for wavelet packets is derived and a sufficient
condition for moments of wavelet packets to be vanishing is obtained. Also, the convolution
and cross-correlation theorems for Hilbert transform of wavelets are proved. Finally, using
MRA of LZ(R), some results on the vanishing moments of the scaling functions, wavelets
and their convolution in two dimension are given.
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1. INTRODUCTION

In 1984, the combined effort of Grossmann and Morlet [7] directed to a complete
mathematical study of the continuous wavelet transforms and their various applications. In
1988, the concept of Multiresolution Analysis (MRA) was introduced by S. Mallat [16] and
Y. Meyer [17]. Using MRA, wavelet spaces are constructed by splitting the frequency domain
dyadically and their bases are obtained with the help of translated and dialated form of a
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single function. A stronger extension of wavelets and MRA is wavelet packets which are par-
ticularly the superposition of wavelets and are especially well adapted for signal processing.
In 1988, Daubechies [4] found a new method to construct the compactly supported orthogonal
wavelet. A major problem at that time was to deal with the poor frequency localization of
wavelet bases and the solution was proposed by Coifman et al. [3] in 1990 as a result of which
they introduced the notion of wavelet packets which ensured better frequency localization
for the bases and thereby provided more adequate decomposition containing stationary and
transient components. They retain many of the significant characteristics such as smoothness,
orthogonality and localization properties of their root wavelets.

In 2005, Soares et al. [20] observed that if ir(¢) is a real wavelet, then Hilbert transform
of Y (¢) is also a real wavelet with same energy and admissibility coefficient of its generating
wavelet. Later in 2009, Chaudhury and Unser [2] observed that the fundamental reasons why
the Hilbert transform can be seamlessly integrated into the multiresolution framework of
wavelets are its scale and translation invariances, and its energy-preserving (unitary) nature.
For various details related to Hilbert transform one may refer to [6,14]. In 2015, Khanna
et al. [9,10] studied vanishing moments of Hilbert transform of wavelets and proved certain
results to approximate the functions in L%(R). Later, in 2016, Khanna et al. [11] introduced
the orthogonal Coifman wavelet packet systems, the biorthogonal Coifman wavelet packet
systems, and also introduced the notion of Hilbert transform of wavelet packets, and Hartley-
like wavelet packets. Recently, in 2017, Khanna et al. [12] studied vanishing moments of
wavelet packets and define the wavelets associated with Riesz projectors. Very recently,
Khanna et al. [13] studied wavelet packets and give various results related to their moments.

In this paper, moments of wavelet packets have been calculated and a sufficient condition
under which wavelet packets have vanishing moments is given. Hilbert transform wavelet
convolution and Hilbert transform wavelet cross-correlation theorems have been given to
analyze the Hilbert transform of convolved and cross-correlated functions (or signals).
Further, we develop a relationship between the vanishing moments of wavelets and the
Hilbert transform of convolved (or cross-correlated) wavelets. Finally, some results on
the vanishing moments of the scaling function, wavelets, and their convolutions in two
dimensions have been given.

2. PRELIMINARIES

Recall from [8,15] that a sequence of closed subspaces (V;);cz, of L%(R) is called a
multiresolution analysis (MRA), if

(1) V; C Vjy, forall j € Z;
(ii) f € V;ifandonly if f(2(-)) € Vj4i, forall j € Z;
(i) M;eV; = (O);
@) UjezV) = L2®);
(v) There exists a function ¢ € Vj, such that {¢(- — k) : k € Z} is an orthonormal basis
for Vj.

The function ¢ whose existence is asserted in (v) is called a scaling function of the given
MRA.
Let M, , be the uniquely defined Daubechies wavelet matrix of rank 2 and genus p

given by M, = ["“ ’21’—‘]. We define r, = 0,5, = 0, for k ¢ [0,2p — 1].

S0 - S2p—1
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The Daubechies scaling function ¢ and wavelet function i of genus p satisfy the usual

scaling equation ¢(x) = ii Elrk ¢(2x — k),forall x € R and the wavelet equation
Yx) = iiglsk ¢(2x — k), forall x € R. For details, see [22]. Also, ¢ satisfies the

normalization condition fR ¢(x)dx = land ), ,¢(x —k) = 1,forall x € R. Wavelet
packets were basically prompted to enhance the frequency of resolution of signals attained

by wavelet analysis. The basic wavelet packets [19], w,,n = 0, 1,2, ..., are defined by the
recursion formulae given as w,, (x) = Zii glrk W (2x —k), wonp1(x) = Zzi glsk w,(2x —k)
or equivalently, in terms of the Fourier transform, we have @,(n) = mo(3) @,(3) and

Wrny1(n) = mi(3) @,(3), where the symbols mo and m; are associated with the above
sequences by my(17) = Zig]rke‘k" and m;(n) = Ziialske‘k” = e""mo(n + ).

Also, if we write n € N into its unique dyadic expansion n = Z;’;le 277 € € {0, 1},
we have a general expression of the Fourier transform of the basic wavelet packets given by

q
@u(n) = [ [ me; @/ n) @0(279n). where g = max{j : ¢; = 1}. (2.1)
j=1

3. VANISHING MOMENTS OF WAVELET PACKETS

We begin this section with the following definition of vanishing moments given in [10]. A
function f(x) is said to have k vanishing moments if fo”f(x) dx =0, 0<v<k-—-1,
where fR xV f(x)dx is known as the vth moment of f(x), denoted by Mom,(f).

In the following result, we give a formula for calculating the moments of wavelet packets.

Theorem 3.1. The moments of wavelet packets w, are given by

;U

Momy(wy,) = Z U8 ! m(0)
Vi) = N TreJaw2 5 2 oAt @ DU+ fgr2) 0
Zl§r§q+2fl:“

(fr+1) ifq+2 Jq+2—1
1_[ mét (0) m qu+2 + Z dlMOml(a)O) ,

1<t<q =1
Momy(wr,i1) = Z Cr ¢ i m(m(O)
v ®W2n+1) = fiofoses fys2 9 [142 oG+ Dy r1+fg2) 1
Zl§t§q+2 fi=v
. Jq+2—1
fq+2 a
(f+1) e
( [T md™ (0)) (m Mot ) dzMOmz(wo)>},
I1<t<q =1

iy (fg+2—D 2p—1
where dj = fa+2 Clﬁ mg " 0 andmy, , = 3Ly (e kT02) and 'Cp

m (v € N) are the multinomial coefficients. The sum is taken over all combinations

of nonnegative integer indices fi, ..., fy4o such that the sum of all f;’s is v.

----- fq+2 =

Proof. Consider w»,(n) = mo(%) Dn (%) Using (2.1), we obtain

(me; @79 Dm) @2 ).

Boa(m) = mo(3)
1

q
j=
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Now, Mom,(wa,) = ° @2,(£)(0). Therefore
Mom (w,) =i" C327(1))(0)

v
=i [mo( ) (Hm 27 (’“)n)) @o(2” (’””n)}

TV

l

— Y g .

= X Chipostyn P2t D g1 gD
Zl§t§q+2 fi=v

(1—[ <f,+1>(0)) A(()fq+z)(o)},

1<t<q

where 'Cy, ... fo2 = W’ v € N denotes the multinomial coefficients and the sum

is taken over all combinations of nonnegative integer indices f, ..., fy+2 such that the sum
of all f;’s is v. This further gives

TV

_ v, ) ! (fl)
MOmv(Cl)Zn) = Z { Cfl S2sen Tqt2 2f1 +2f2+"'+(q+1)(f;1+1+fq+2) (0)
Zl§t§q+2 Si=v

fq+2
(fr+1) 1 1 ) o~ -
(I o) (G > (im0 @i o)}

1<t<q

Since m{(0) = Y77 ri k) and &) (0) = Mom ;,,,_(wp) (—i)a+27", it follows that

— v ! (f1)
Mom(w2,) = Z { Chfro fq+2 zfl+2f2+<~~+(q+1)(fq+1+fq+2) 0
Yisr<gr2 fi=v

Jq+2 2p—1

( 1_[ (ft+l)(0)) (ﬁ Z(fq+2 C Z(rk (lk)l

I<t=q

Momy, ,,—i1(wo) (_,')fq+2—1)> }

;U

4
Y, r r
= E Cf1,f2 ~~~~~ Jg+2 2 ot g+ Dy r1+Tg12)
Zl§t§q+2 fi=v

2p—1

( l_[ (fr+1)(0)> <m{ Z (rk (ik)fq+2 MOm()(CUO))
k=0

1=<t=q

fq+2_1
+ Z (fq+2 C mg)(()) C’U‘O(fﬁz*l)(o)) }>i|
=1

;U

l
,
- Z Chotnfyir 2 1+ 22+ g+ D Fg 1+ Fg42)
Yisr<gr2 fi=v

fq+2_1

i fq+2
( l_[ (ft+])(0)> <(2f;+2—_1)qu+2 + Z dlMoml((UO)) }7

1<t<q =1

iy _
where d; = fa+2 ¢, —E0— m(f‘”z )

2p—1
T O andmy, , = Y20 (ry klar2).
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Similarly, we have

l"U
_ D) 1)
Momy(wapy1) = Z { Crifros fq+2 2 [1H2 fate g+ D fg 1+ fg+2) ny ©)
Di<i<q2 Ji=v
. fq+2—1
fq+2 a
(f D) 1
( H " (0)) (m Mfot Z dzMomz(wo)>},
1<t=q =1

_ ¥ =i gD _ 2p 1 1,

where d; = /42 C; Sl h mg (0) and mg ., = o (rx ket2). O

In the following result, we give a sufficient condition for moments of wavelet packets to
be vanishing.

Theorem 3.2. The wavelet packet moments, Mom,(w,),n # O vanishes for v =
0,1,2,...,(p—1) iffor a wavelet matrix M> ,, each of the following conditions is satisfied.

@ myg,,, =0 e, ( fq+2)’h moment of scaling parameters ry vanishes,
(b) Mom(wo) vanishes for | =1,2,...,(fg42—1)

where 1 < f,42 < v and the sum of all combinations of non-negative integer indices

Siooo Sy is v

Proof. The proof can be worked out on the lines of Theorem 3.1. [

4. HILBERT TRANSFORM OF WAVELETS

Recall from [14] that the Hilbert transform of a function f on a real line is defined by

HF(x) = —lzms_w/ 0 41y fe=0,

t = —lim.y
—tlze X =1 T ze 1
provided that the limit exists in some sense.

Also, the moment formula for the Hilbert transform of f is given by

n—1
Hix" f(x)} =x"Hf(x) — — fo 7" f(2)dz,on > 0.
m=0
Note that the above formula holds if x" f(x) € LP(R), 1 < p < o0.

In the following results, we show that the wavelet transform of Hilbert transform of
convolved (cross-correlated) signals with Hilbert transform of convolved (cross-correlated)
wavelets can be decomposed as the convolution (cross-correlation) of the wavelet transform
of Hilbert transform of a signal with a wavelet and the wavelet transform of the other signal
with Hilbert transform of other wavelet.

Theorem 4.1 (Hilbert Transform Wavelet Convolution Theorem). Let \ry, yr, be two wavelets
such that Vy, 1,51 e L'R) and ¥, € L*>(R) and let Wy, &' and W,/,éh be the continuous
wavelet transform of two functions g§' = Hg and h with wavelets V, and ) = Hyn,
respectively, where g € L*(R) and h,he L'R). If f =g*handy =y * Y, then

W]/,/f’(a, b) = 1 (leg/ * W,/,é/’l)((l, b),

lal2
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where ' and ' denotes the Hilbert transform of f and , respectively and ‘*’ denotes a
convolution operator.

Proof. The continuous wavelet transform of f” with respect to ¢/ may be written as
1 —b
Wy fla,b) = — f( )V/’( ) dx

Ial2

b
//g(r)h(x—r)dt [ (*7-y) avar.
" a? a

Writingx—t:pandb+ay—t=q we have

b — _ _
Wy f'(a, b) = ” f f (OF ( — ‘”) dt / h(p) V' (”a—q> dp dgq.
a 2

owlg(a b —q) Wy;h(a, q) dq

IaI2
= —(Wy, g * Wy h)(a, b)
IaI2
which is the convolution of wavelet transform of Hilbert transform of a signal g with a

wavelet ¥; and the wavelet transform of the other signal # with Hilbert transform of other
wavelet y,. [

Theorem 4.2 (Hilbert Transform Wavelet Cross-Correlation Theorem). Let Vi, V¥, be two
wavelets such that 1&1 e L'R) and ¥, € L%(R) and let ng’ and W,/,éh be the
continuous wavelet transform of two functions g' = Hg and h with wavelets Y, and
W) = Hpy, respectively, where g € L’R)andh,h € L'R). If f = gQh and ¥ = 1@,
then

Wy f'(a, b) = al (leg(a b) ® Wy, h(a, —b)),
a 3

where f' and ' denotes the Hilbert transform of f and v, respectively and * ®’ denotes a
cross-correlation operator.

Proof. The continuous wavelet transform of f” with respect to ¥/’ may be written as

1 x—=>b
Wy f'(a,b)= — f(X)lﬁ’( )dx

jal2

- — -b
= l/fg/(t)h(twLX)dt /wl(y) 1z (y+x—> dydx.
la|2 /RJR R a

Writingt+x=pandb+t—ay=q we have

—b _ _
Wy f'(a, b) = — / f g0 ( )) / h(p) v’ (—” q) dp dq
|a 2 R a

:T Wy, 8'(a, q —b) Ww 'h(a,q)dq,
al?

Ly e Wyh(a, —b))

Ial
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which is the cross-correlation of wavelet transform of Hilbert transform of a signal g with a
wavelet ¥; and the wavelet transform of the other signal & with Hilbert transform of other
wavelet y,. [

Next, we prove that the number of vanishing moments of the Hilbert transform of
convolved (cross-correlated) wavelets is the sum of the number of vanishing moments of
wavelets involved.

Theorem 4.3. Let ¥, y» € L' (R) N L2(R) be two wavelets with m; and m» vanishing
moments, respectively and let Y3 = (Yr; * Yrp) be the convolution of the wavelets v\ and ;.
Then, V3’ = H(yr3 has m| + m, vanishing moments provided that t"™21,(t) € L*(R).

Proof. Since 13’ is an admissible wavelet, it follows that

/ "3’ (1) dt = / 1" (Y1 = Y )(0) dt
R R

- f Ui (x) dx /t’ W' (t — x) dt.
R R

Writing t — x = z, we have
/t’ V(1) dt = Z’Cn/X” Y1 (x) dX/ 27"/ (2) dz
R o R R

= Zrcn Mom,l(lm) Momrfn(w{)'

n=0

Also, t"™2yr,(t) € L*(R). Therefore, using moment formula for the Hilbert transform, we have
/ " Y5(t) dt =0for0 < n < my.
R

Letr <my+my— 1.If r —n < m,, then Mom,_,(¥,') = 0, otherwise n < m; — 1 which
gives Mom,(yr;) = 0.
Hence the number of vanishing moments of y3'(¢) is my + my. O

Theorem 4.4. Let Yy, Y, € L'(R) N L2(R) be two wavelets with m| and m, vanishing
moments, respectively and let 3 = (Y1 ® V) be the convolution of the wavelets Y
and Vry. Then, Wy’ = Hips has m| + my vanishing moments provided that t"™2r)(t) €
L’ (R).

Proof. The proof can be worked out on the lines of Theorem 4.3. [

5. MOMENTS OF TWO DIMENSIONAL WAVELETS

Consider two-dimensional spaces V;, j € Z as the tensor product of two one dimensional
multiresolution analyses V;, j € Z. Define V;, j € Z by

Vo=V ® Vo = span {U(x, y) = u(x)v(y) : u, v € Vo}.
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Then, V; forms a multiresolution analysis (MRA) of L?*(R?) satisfying

i) ...cV,L,cVicvocVicVv,cV,C..,
(i) eV = 10,00, U, V; = LR,
(i) Ue Vo« UQ/-,2/) e Vi

(iv) The set {Pox, 1,(-,-) : ki, k € Z} forms an orthonormal basis for Vj, where
Bipy (X, y) =20 D2Ix—ki, 27y —ky) =27 92 x —k1) p(2'y — k), j, ki, ko € Z.

For each j € Z, the complement space W; is the orthogonal complement of V; in V| such
that

Vie=Vi1u®Vin
=V,eW)e ;e W,
=V, V)W, V) (V;W,)d(W; ® W))]
VoW,

The space W; called the “detail space” is itself made up of three orthogonal subspaces which
leads us to define three two-dimensional wavelets ¥'(x,y) = ¢(x) ¥ (y), ¥(x,y) =
Y(x) ¢(y) and ¥3(x,y) = ¥(x) ¥(y). Then, (Y ke “ ki ko € Z, m = 1,2 or 3} is
an orthonormal basis for W; and {wfkl,kz 2 j. ki, ko € Z, m = 1,2 or 3} is an orthonormal
basis for ®;czW; = L*(R?), where ) = 2/ W}f‘kl’kz(ij — ki, 2/x — ky). For
details see [1,5].

In the following result, we find the number of vanishing moments for two-dimensional
wavelets.

Theorem 5.1. Let ¢ be an orthogonal scaling function with m| vanishing moments and
be the corresponding wavelet with m, vanishing moments. Then, the number of vanishing
moments of two dimensional scaling function @ and the associated two-dimensional wavelet
W3 are 2m, — 1 and 2m, — 1 respectively, whereas the number of vanishing moments of the
associated two-dimensional wavelets W™ form = 1, 2 ism; +my — 1.

Proof. Note that
//x,, Yy dx dy = /x" $(x) dx /y" V() dy
R JR R .
= Mom,(¢) Momy_,(), where p+g = N.

LetN <mi+my—2.1If p <m;—1,then Mom ,(¢) =0.If p > m;—1,then N—p < m,—1.
Thus Mom y_,() = 0. Therefore, we have

Mom ,(¢p) = Mom,(y) =0, forall p+qg <my +mp — 2.

Hence the number of vanishing moments of ¥!(x, y) is given by m; + m, — 1.
Similarly, one can prove that the number of vanishing moments for @(x, y), ¥(x, y) and
¥3(x, y) can be evaluated as 2m; — 1, m; +m, — 1 and 2m, — 1 respectively. [

In the following two results, we give sufficient conditions for the two-dimensional scaling
function to be vanishing.
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Theorem 5.2. Let ¢ be an orthogonal scaling function having compact support and let the
first three moments of the wavelet  vanishes. Let (x,y) = ¢p(x)p(y) be a two dimensional
scaling function. Then Mom ,(T;; $(x, y)) and Mom, 1(T;; $(x,y)), 0 < p,qg <n,n € N
vanishes if Mom(¢) = —k, where k € Z.

Proof. Note that

Mom 4(T; $(x, y)) = /
R

* Ted(x) dx / ¥ Ted(y) dy

R
q
= (k Momy(¢p) + Mom(¢)) (Z 10, k17 Mom,-(d))).
i=0
Thus, for0 < g < n, n € N, Mom, 4(Ty ¢(x, y)) vanishes if Mom(¢) = —k, where k € Z.
A similar argument can be given for Mom , (T ®(x, y)),0 < p <n, ne N. [

Theorem 5.3. Let ¢ be an orthogonal scaling function having compact support and suppose
that the first three moments of the wavelet \ vanishes. If ®(x,y) = ¢(x)p(y) be the two
dimensional scaling function then Mom; (T &(x, y)) and Mom , »(T; P(x, y)),0 < p,q <
n,n € Nvanishes if Mom(¢) = —k, where k € Z.

Proof. We have

/ / 2 31 Ty B(x, y) dx dy = f ¥ Tep(x) dx / ¥ Tep(y) dy
RJR R R
= (Momy(¢) + 2kMom(¢) + k* Mom($))
q
x () 1Ci kT Momi(9).
i=0

In view of Theorem 1 in [21], (Mom (¢))* = Mom(¢). Thus, Mom; 4(Ty §(x, y)) vanishes
if Mom(¢) = —k, where k € Z.
A similar argument can be given for Mom , o(T; ¢(x,y)),0 < p <n, neN. O

Finally, we prove a result related to the number of vanishing moments of the convolution
of two wavelets in L2(R?).

Theorem 5.4. Let ¥ (x, y) = Y1(x) ¥1(y) and YUy (x,y) = ¥a(x) Ya(y) be two admissible
wavelets in L*>(R?), where 1, ¥, € L'(R) N L*(R) with M, and M, vanishing moments,
respectively. Let W3(x, y) = WUi(x, y)* U(x, y). Then U3(x, y) is an admissible wavelet and
has 2(M| + M>) — 1 vanishing moments.

Proof. Note that
W?}(-xv )’) = yv/l(xs y) * WZ(-xv )’)
= / / Ui(t), ) Yo(x — 11,y — )dt dty
R JR
= (Y1 * Y2)(x) (Y1 * Y2)(¥).
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/ I%(V)I
2’
oyl

<o | MCM i) Fa20)l”
|J/1| R |‘y2|

Since /1!1 e L'(R), % is a bounded function. So, there exists a positive real number K such
that | ()| < K, for all @ € R. This gives

—~ 2 —~ 2
< QK2 (Y2 (1)l dn [¥2(y2)l dy,

R vl r |yl
=@2rK?)’ C}, < oo.

Also, we have

dy»

Cy,

Now, we calculate the moments of ¢3. Note that

/ x? y? WU3(x, y)dx dy = //x"’ y? Ws(x, y)dx dy
R? R JR

= Mom ,(Yr1 * Yr2) Momy (1 * Yrp)
= Momp(lm % 'ﬂ[fz) Momep(l/fl * I/IZ)v

where p+¢g = N. Inview of Theorem 1 in [18], (/1 x ;) has (M| 4+ M;) vanishing moments.
If p < (M + My — 1), then Mom (Y1 * ¥o) = 0. If not, then N — p < My + M, — 1.
Thus Momy_,(; * o) = 0. Therefore, Mom ,(Y| * Vo) = Mom (1 * Yrp) = 0, for all
p+q <2M + M —1).

Hence the number of vanishing moments of ¥3(x, y) is given by 2(M; + M) — 1. [

CONCLUSION

We have seen that wavelets are usually designed with higher vanishing moments which
make them orthogonal to the low degree polynomials and therefore, they have the ability to
compress non-oscillatory functions. The smoother is wavelet i, the greater is the number
of vanishing moments. For any wavelet family, vanishing moments are necessary for the
smoothness of the wavelet functions. With the development of the formula for calculating the
number of vanishing moments for wavelet packets, we can thereby enhance our working
in this direction furthermore. Also, since convolution (cross-correlation) of two wavelets
meet the required regularity and admissibility conditions, we can use them to examine
the Hilbert transform of convolved and cross-correlated signals with the help of Hilbert
transform wavelet convolution (cross-correlation) theorems which have not been studied
earlier. Further, we develop a relationship between the vanishing moments of wavelets and
the Hilbert transform of convolved (cross-correlated) wavelets and with the knowledge of
vanishing moments for two dimensional wavelets, one may reinforce the scope of study in
this field of signals.
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