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Abstract. A class of third order singularly perturbed convection diffusion type equations
with integral boundary condition is considered. A numerical method based on a finite
difference scheme on a Shishkin mesh is presented. The method suggested is of almost first
order convergent. An error estimate is derived in the discrete norm. Numerical examples are
presented, which validate the theoretical estimates.
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1. INTRODUCTION

We consider the following third order singularly perturbed convection diffusion equations
with integral boundary condition:

—eu”" (x) + a()u” (x) + b’ (x) + c(u(x) = f(x), x € (0, 1) = 2, (1.1)
1
w0) =1y, u'(0) =1, u'(1) = 8/ g’ (x)dx + 15, (1.2)
0
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where 0 < ¢ € 1,a(x) > a > 0,b(x) = B = 0,0 < cx) < 6 < 0,
4da + B+ 160 > 0, [y, [, I3 are real numbers, g(x) is nonnegati\ie with fol gx)dx < 1
and a(x), b(x), c(x), f(x), g(x) are sufficiently smooth on [0, 1] = (2.

Differential equation with a small parameter ¢ multiplying the leading derivative term is
called Singularly Perturbed Problem (SPP). Traditional numerical methods are not suitable
for SPP because the solutions of such equations have rapid changes in small regions of the
domain. It is necessary to expand appropriate numerical methods for these kinds of problems,
such that the error estimates do not depend on the parameter ¢. That is, methods in which the
numerical solutions are convergent e-uniformly [6,9,13]. One of the easiest and useful ways
to derive such methods consists of using a class of piecewise uniform meshes (Shishkin and
Bakhvalov mesh).

Boundary value problems with integral boundary conditions are an important class of
problems which arise in the fields of electro-chemistry [7], thermo-elasticity [8], heat
conduction [5] etc. The existence and uniqueness of the third order differential equations
with integral boundary conditions and its applications are discussed in [1,2,10,11,14]. The
existence of systems of second order differential equations with integral boundary condition
and its applications are discussed in [3,6,15]. The above mentioned papers are concerned
with regular case (without boundary layers). In [12] and [4] uniform convergence of the
approximate solution on a uniform mesh is proved for second order differential equations
with integral boundary condition. Motivated by the above works, in this paper a fitted finite
difference method is discussed to solve a class of third order singularly perturbed convection
diffusion equations with integral boundary condition (1.1)—(1.2).

This paper is arranged in the following manner. In Section 2 maximum principle, stability
result and derivative estimate are derived for the continuous problem. Discretized problem is
discussed in Section 3. Error estimate for the numerical method is established in Section 4.
Numerical experiments are given in Section 5. The paper concluded with a discussion given
in Section 6.

Throughout the paper, we assume that ¢ < CN~!, C denotes a positive constant. The
norm used for studying the convergence of the numerical solution is supremum norm defined

by |lullp = sup,plux)l.

2. PROPERTIES OF THE EXACT SOLUTION

The boundary value problem (1.1)—(1.2) can be transformed into the following equivalent
problem:

Lyi(x) = u}(x) —ua(x) =0, x € RU{1} 2.1)
Lou(x) = —eus(x) + a(x)usy(x) + b(x)uz(x) + c(x)ui(x) = f(x), x € 2, 2.2)

where u(x) = (u1(x), u»(x)) with the boundary conditions
1
u1(0) =l1, u(0) =, Bus(1) = us(1) — Sf g@ur(x)dx = I3. (2.3)
0

Theorem 2.1 (Maximum Principle). Let u(x) = (u(x), u2(x)) be any function satisfying
u1(0) > 0, u2(0) > 0, Bus(1) > 0, Lyu(x) > 0, x € U{1}and Lriu(x) > 0,Y x € (2. Then
iu(x)>0,Vxelf
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Proof. Define 5(x) = (s1(x), 52(x)) as s1(x) = 1 + x, 2(x) = % + 3. Note that
Sx) > 0, x € 2, Lis(x) > 0, Ls(x) > 0, 51(0) > 0, 50(0) > 0 and Bs,(1) > 0.
Further we define

{ (—ul(x)) (—uz(x)>}
L = max { max ,max [ ——— | ¢ .
xe2 \ s1(x) xe \ 82(x)

Then there exists at least one xo € 2, such that ( 2142} = 4 or (Z299) = 4 or both.
51(x0) 52(x0)

Also (u + us)(x) >0, x € 2. Therefore either (uy 4 usy) or (uy + wus;) attains minimum at
X = Xxo. Suppose the theorem is not true, then p > 0.

Case (i): Assume that (u; + usy)(xg) = 0, for xg = 0. Therefore (u; + ws;) attains its
minimum at x = xo. Then,

0= (u1 + ws1)(0) = u1(0) + us1(0) > 0.
Case (ii): Assume that (u; + us;)(xg) = 0, for xg € 2 U {1}. Therefore (u; + ws;) attains
its minimum at x = xg. Then,

0 < Ly(it 4+ p5)(x0) = (u1 + us1) (xo) — (uz + ps2)(x0) < 0.
Case (iii): Assume that (u; + usy)(xp) = 0, for xo = 0. Therefore (u, + wus;) attains its
minimum at x = xp. Then,

0 < (u2 + ws2)(0) = u2(0) + ws2(0) = 0.
Case (iv): Assume that (uy + wsy)(xg) = 0, for xo € 2. Therefore (uy + ws;) attains its
minimum at x = xg. Then,

0 < Ly(it + pu5)(xo) = —e(uz + ws2)"(x0) + a(x)(ua + s2) (xo)

+b(x)(uz + ps2)(xo) + c(x)(uy + psi)(xp) < 0.

Case (v): Assume that (u, + usz)(xg) = 0, for xo = 1. Therefore (u, + ws;) attains its
minimum at x = xg. Then,

1
0 < B(uy + ps2)(1) = (uz + us2)(1) — 8/0 g()(uz + ps2)(x)dx < 0.

Observe that in all the cases we have a contradiction. Therefore .+ > 0 is not possible.
Hence u(x) >0,Vx € 2. O

Corollary 2.2 (Stability Result). The solution u(x) of problem (2.1)—(2.3) satisfies the bound
|ui(x)| < Cmax{|uy(0)], |uz(0)], |Bus(V)|, | Lyitll . | L2it|l o}, x € 2, i =1,2.
Proof. Let C > 0 be a constant. Define w[i(x) =CMs;(x) X u;(x),x € 2,i = 1,2, where

M = max{|u;(0)], [u2(0)[, [Bua(D)|, | Lyitll2, [ Lout]l 2}
Note that wli(O) > 0, wzi(O) > 0, szi(l) > 0 by proper choice of C > 0. It is easy

to see that L1 (x) > 0, Lyy*(x) > 0. Then by maximum principle, we get the required
result. [

Bounds for the derivatives of the solution u(x) are given in the following lemma.
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Lemma 2.3. Let u(x) be the solution of (2.1)—(2.3). Then we have the following bounds:

uPllg < Ce'™ k=1,2,3,
uPly < Ce*, k=1,2,3.

Proof. Using Corollary 2.2 and applying the arguments as given in [9] this lemma can be

proved.

O

The uniform error estimate can be derived using the sharper bounds on the derivatives
of the solution u(x). To get sharper bounds we write the analytical solution in the form
u(x) = v(x) + w(x), where v(x) = (vi(x), v2(x)) and w(x) = (w;(x), wa(x)). The regular
component ¥(x) can be written as v(x) = o(x) + e;(x) + £205(x), where Tp(x) =
(vo1(x), v2(x)), V1(x) = (v11(x), v12(x)), V2(x) = (v21(x), v22(x)) respectively satisfy the
following equations:

Vo (X) = va(x),
a(x)vg,(x) + b(x)vea(x) + c(x)v1 (x) = f(x),
v01(0) = u1(0), v02(0) = u2(0),

v}, () = v (x),
a(x)v},(x) + b(x)via(x) + c(x)vii(x) = v (x),
v11(0) =0, v12(0) =0,

L102(x) = v1(x) = v3,(x),
Lyvp(x) = —ev5,(x) + a(x)vy,(x) + b(x)vaa(x) + c(x)vai (x) = vy, (x),
121(0) =0, v2(0) =0, Bvyp(l) =0.

Thus the regular component v(x) is the solution of

and lay

L1v(x) = v}(x) — v2(x) =0,

Lav(x) = —evy(x) + a(x)vy(x) + b(x)va(x) + c(x)vi(x) = f(x),
v1(0) = u1(0), v2(0) = u2(0), Bva(1) = Bupa(1) + eBvia(l),

er component w(x) is the solution of

Liw(x) = wy(x) — wa(x) = 0,

Ly (x) = —ewj(x) + a(x)ws(x) + b(x)wa(x) + c(x)w (x) =0,

w1(0) =0, w>(0) =0, Bwy(1)= Bus(1) — Buy(1).

(2.4)

(2.5)

2.6)

2.7

2.8)

Theorem 2.4. Let uu(x) be the solution of the problem (2.1)—(2.3) and vo(x) be its reduced
problem solution defined in (2.4). Then

|uj(x) — vo;(x)| < Cle +e ™% x e, j=1,2.

Proof.

Y (x) = Clesj(x) + & e %) £ (uj(x) —vo;(x), x €2, j=12.

Consider the barrier functions ¥*(x) = (I/th(x), wzi(x)), where

It is easy to see that, w,i(O) >0, wzi(O) > ( for a suitable choice of C > 0.
Let x € {2. Then

L= (x) = C (s(1 — 52(x)) + (@ — De™ ™) £ Ly (@ — Bp)(x) = 0,
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and
Lzlﬁi(X) = C[%(a(x) —a)+b(x)+ gc(x)]e—a(l—x)/g
+ela(x)sh(x) + b(x)sa(x) + c(x)s1(x)] £ gvg(x) > 0,

by a proper choice of C > 0.
Further

1
BYF(1) = yi(l)—e /O gy (x)dx

1 1
>CQRe+1)— ZCS/ glx)dx — CS/ g(x)dx £ B(up —vpp)(1) >0
0 0

for a suitable choice of C > 0. B B
Then by Theorem 2.1, we have wji(x) >0, xef2, j=1,2. O

Lemma 2.5. The regular component v(x) and the singular component w(x) of the solution
u(x) of the problem (2.1)—(2.3) satisfy the following bounds:

Iy < €1 +6579), k=0,1,2,3 (2.9)
WPl < €1 +627), k=0,1,2,3 (2.10)
w0 < Ce' e x e 2, k=0,1,2,3 @.11)
wP()] < Ce e x e R, k=0,1,23. (2.12)

Proof. Integrating (2.4), (2.5) and using the stability result one can prove the inequalities
(2.9) and (2.10). To prove the inequalities (2.11) and (2.12) consider the barrier functions
YEX) = (7 (x), Y5 (x)), where

Yit(x) = Cee @98 Ly (x), x € 02,
YF(x) = Ce /% Lus(x), x € 2.

It is easy to see that wli(O) > (0 and 1/f2i(0) > (), for a suitable choice of C > 0.
Further

Lll/_fi(x) = C[e—a(l—x)/s _ e—O((l—_x)/g] LB >0
Loy*(x)=C [g(a(x) —a)+b(x) + gc(x)] e-a=0/e £ 1 5 S 0
&

1 1
BYE(1) = yi(l) —e / GCYE)dx = C(1 — ¢ / ¢()dx) £ Bun(l) = 0,
0 0

for a suitable choice of C > 0. Hence by the maximum principle, we have the desired result.
From the differential equation (2.8), one can derive the rest of derivative estimates (2.11) and
(2.12). O

Note: From the above theorem, it is easy to see that,
i (x) — vi(x)] < C(e* +ee ! 9/%), x e 2, (2.13)
Uz (x) — v2(x)] < Cle +e 079, x e 0, (2.14)
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3. MESH AND SCHEME

On 2 a piecewise uniform Shishkin mesh of N (> 4) mesh intervals is constructed. The
domain 2 is partitioned into two subintervals [0, 1 — o] and [1 — o, 1], where o is the
transition parameter defined by o = min{%, ZEIT“N}. On[0,1 —o]and [l — o, 1] a uniform
mesh with % mesh intervals is placed. The interior points of the mesh are denoted by

N N
QN={x,-;15igE}u{x,-;3+15i5N}.
Clearly, N = {xi}(])". Let h; = x; — x;_; be the mesh step and /; = %
The di_screte problem corresponding to (2.1)—(2.3) is:
Find U (x;) = (U1(x;), Ux(x;)) such that

LYU(x;)) = D™Ui(x;) — Ua(x;) = 0, 3.1)
LYU(x;) = —e8*Un(x;) + a(x;) D~ Us(x;) + b(x)Us(x:)
+c(x)Ui(xi) = f(x), (3.2)
Ui(xo) =11,
Ua(x0) = I, 43)
N .
BN Us(xx) = Us(xy) — Z g(xifl)UZ(xi—lz) + g(xi)UZ(xi)hi LV € DV,
i—1
where
82Us(x;) = 1 <U2(xi+1) —U(xi)  Ua(xi) — Uz(xi1)> ’
i hit h;
DUs(x;) = Us(x;) — UZ(xi—l).

hi
4. ANALYSIS OF THE METHOD

Theorem 4.1 (Discrete Maximum Principle). Let @(xi) = (Y1(x;), Va(x;)) be the mesh
Junction satisfying W_l(xo) > 0, Wz_(xo) > 0, BN W(xy) > 0, L{V U(x;) > 0, and
LQ’ U(x;) > 0. Then ¥(x;) >0, x; € 2N.

Proof. Define S(x;) = (S1(x;), $2(x;)), where Si(x;) = 1+ x; and S(x;) = % + XE'
Note that Sy(x) > 0, x € OV, k = 1,2, LVS(x) > 0,¥x, € OV N 2 U {xy),
LYS(x;) > 0,Vx; € 2V, Let

{ (_!pl(xi)) (—Wz(xi)>}
Y = max | max , max :
N U Si(xg) xeQN \ S2(x;)

Then there exists one x; € 2% such that ¥, (xx) + ySi(xx) = 0 or Ya(xp) + ¥y Sa(xx) = 0
or both. We have ¥;(x;) +yS;(x;) > 0,x; € !_ZN,j = 1, 2. Therefore either (¥; + y S;) or
(¥ + yS)) attains minimum at x; = x;. Suppose the theorem is not true, then y > 0.

Case (i): Assume that (¥; + yS1)(xx) = 0, for x; = 0. Therefore (¥; + y S)) attains its
minimum at x; = xi. Then,

0= (%1 4+ ySx0) = ¥i(xo) + ¥ Si(xo) > 0.
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Case (ii): Assume that (¥; + yS1)(xx) = 0, for x; € 2V U {1}. Therefore (¥, + y S)) attains
its minimum at x; = xi. Then,

0 < LY(¥+yS)(x) =D (¥ +yS)x:) — (¥ + ySH)(x;) < 0.

Case (iii): Assume that (¥, + ySy)(xx) = 0, for x; = 0. Therefore (¥, + y S,) attains its
minimum at x; = x;. Then,

0 < (2 + y8$2)(x0) = Wa(xo) + ¥ S2(x0) = 0.

Case (iv): Assume that (¥, + y$>)(x;) = 0, for x;, € 2V. Therefore (¥, + y S,) attains its
minimum at x; = x;. Then,
0 < LY (¥ + uS)(x)
= —e8* (Vs + uSH)(x;) + a(x)D™ (s + pSH)(x;) + b(x )(Pa + 1S2)(x;)
+c(x) (¥ + uS(x:) < 0.

Case (v): Assume that (¥, + yS)(x;) = 0, for x; = xy. Therefore ¥, + y S, attains its
minimum at x; = x. Then

0 < BY(W + ySH)(xy)

= (Y2 + ¥ S2)(xn)
N

o 3 o) S g () + Y S,

i=1
Observe that in all the cases we have a contradiction. Therefore y > 0 is not possible.
Hence ¥(x;) > 0,Vx; € V. O

Lemma 4.2 (Discrete Stability Result). Let U(x;) = (U1(x;), Us(x;)) be any mesh function.
Then

[Ur(xp)| < Cmax{|U1(xo)|, [Uz(xo)l, |[BUx(xy), |  max }|L11V0(xj)|

1e2NUfxy
max |L§VU(xj)|}, eV, k=12

. N
x;j€f

Proof. By choosing suitable barrier functions and using Theorem 4.1, one can establish the
above inequality. [J

Analogous to the continuous case, the discrete solution U (x;) can be decomposed as
Uxi) = V) + W(x),
where V(x;) and W (x;) are respectively the solutions of the problems:

LYV (x;) = D™ Vi(x;)) — Vax;)) = 0, x; € 2V U {xn},
LYV (x;) = —e8*Va(x;) + a(x;))D™ Va(x;) + b(x;) Va(x;)
+ c(x)Vi(x;), x; e 2V,
Vi(xo) = v1(0), Va(xo) = v12(0), B Va(xy) = Buy(1)

A.1)
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and
LYW(x;) = D™ W;(x;)) — Wa(x;) = 0, x; € 2V U {xy},
LYW (x;) = —e8*Wa(x;) + a(x;) D™ Wa(x;) + b(x;) ) Wa(x;)
+ c(x)Wi(x;), x; € 2V,
Wi(xo) = wi(0), Wa(xo) = wa(0), BYWi(xy) = Bwy(1)

The following theorem gives an estimate for the difference of the solutions of (3.1)—(3.2)
and (4.1).

4.2)

Theorem 4.3. Let U(x;) be a numerical solution of (2.1)—(2.3) defined by (3.1)~(3.3) and
V(x;) be a numerical solution of (2.7) defined by (4.1). Then

N
N, i=01,....5
|Uj(x;) — V(x| < C N 2 =12
N~ '+ l5 — BN Va(xp)l, i=3+1,...,N.

Proof. Consider mesh functions @i(x,-) = (Wli(xi), Wzi(xi)), where

T (x;) = CN7'S1(x) + Cxip(xi) £ (Ui (x;) — Vix), x; € 2V,

UF(x;) = CN7'$(x) + Cxip(x;) £ (Ua(x;) — Va(x)), xi € 2V,

. N
0, i=0,1,...,—
p(xi) = N 2
N .
I3 — B™ Va(xn)l, I=E+1,...,N.
Now

LY U*(x;) = CN7'D™S1(x;) — S2(xi)] + C[1 — x;]p(x;) £0 > 0,

W b $ax) + ety

+ CN ' p(xplalx) + xi(b(x;) + c(xi)] > 0, x; € 2V,

giZZN g(xi—l)!'/zi(xi—li‘F () U5 (x)

LY U*(x;) = CN7'[

B (xy) = ¥y (xy) — hi = 0.

i=1

Then by Theorem 4.1 we get the result. [

We obtain separate error estimates for each component of the numerical solution.

Lemma 4.4. Ler V(x;) be a numerical solution of (2.7) defined by (4.1). Then
|(vj(xi) = Vi) <CN 7', x € 2V, j=1,2.

Proof. Now

_ _ d
LY (@) — V(x) = LY o(x;) — LY V(x;) = (D— - E) v1(x;),
2

No= > , d - d
Ly (w(x) = V(x)) = —¢ (5 - W) v2(x;) + a(x;) (D - E) va(x;).
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Therefore
LY@G) = V) <CN7', x e O, j=1,2.
Further
BN (vy — Va)(xn) = BYvy(xn) — BY Va(xy)
= BN vy(xn) — Buy(1)

Ce(W3v"(x1) + - + A3 0" (xn))
CN~2

|BY (v — Va)(xy)

where x;y < x; < x;, 1 < i < N. Then by discrete stability result, we have
l(vj(x) = Vi) <CN7Y, x; € 2V, j=12. O
Lemma 4.5. Ler W(x;) be a numerical solution of (2.8) defined in (4.2). Then

l(w; = W)l < CN'(InNY, x; € O, j=1,2.

Proof. Note that
lw;(xi) — Wil < Juj(xi) — U] + o) — Vi)l Jj=1,2.
Then by (2.13), (2.14), we have
luj(xi) — U;jx)| < |Uj(x) — Vi)l + o) — Vi)
+luj(x) —vi(x)l, j=1,2
Therefore
lw;(x;) — W)l < luj(x) — Ul + vj(x) — V(x|
< Ce~®=3/e 4 N1
<Ce ™4 CN'<CN7!', 0<ic<

0| =

Now consider a mesh function ¥*(x;) = (Wli(xi), Wzi(xi)), x; € [1 — o, 1], where
TE() = CNTS106) + 20N 2 (i — (1= 0)) £ (wi (x) — Wi(x),
e
V() = CN T 800 + CN T 2 — (1= o)) & (waxi) — Wa(xi)).
e
It is easy to see that J/ji(x,v/z) >0, j = 1,2 for a proper choice of C > 0.
N g% -1 19 N -
Ly Y= (x;)) = CN™[1 = S2(x)] + N 8—2(2 —x;i —o) (L} — Lyw(x;) =0,
N G+ _1 | alx;)
LYy ¥*(x;)) = CN - t b(xi)S2(x;) + c(x;:)S1(x;)
+ ON™' Zlaw) + [bx) + 2600))(x + 0 = 1)
£(Ly = L)(x)) = 0,

0.

e IZZN i) W3 (xim1) + g(x;) %i(xi)hi =

BUS(xy) = ¥ (xy) 5

i=N/2
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Table 1
Numerical results for Example 5.1.

Number of mesh points N

16 32 64 128 256 512 1024
D{V 2.073e—03  9.842e—04  4.782¢e—04  2.356e—04  1.169e—04  5.824e—05  2.906e—05
PlN 1.075 1.041 1.021 1.010 1.005 1.002 -
DQ] 5.184e—03  3.269e—03  2.424e—03  1.652e—03  1.049e—03  6.326e—04  3.673e—04
PZN 0.665 0.431 0.553 0.654 0.730 0.784 -

Table 2
Numerical results for Example 5.2.

Number of mesh points N

16 32 64 128 256 512 1024
D{V 2.768e—03  1.322e—03  6.488¢—04  3.212e—04  1.596e—04  7.953e—05  3.969e—05
PIN 1.066 1.027 1.014 1.009 1.005 1.002 -
Dév 6.268e—03  3.826e—03  2.743e—03  1.815e—03  1.129e—03  6.716e—04  3.868e—04
P2N 0.712 0.480 0.595 0.684 0.749 0.795 -

Then by discrete maximum principle, we have Wji(x,-) >0,x; €[l —0,1], j=1,2.
Therefore |w;(x;) — W;(x;))l < CN~'(InN)*, x; € [1—0,1], j=1,2. O
Theorem 4.6. Let l_](x,-) be the solution of (2.1)—(2.3) defined in (3.1)—(3.2). Then
uj(x;) = Uj(x)l < CN'(InN)*, x; € 2V, j=1,2.

Proof. Combining Lemmas 4.4 and 4.5, completes the proof. [

5. NUMERICAL RESULTS

The analytical solution of the test problems is not available. Therefore, we estimate the
error using double mesh principle which is defined as DY = max,. .ov UV (x;) — U 2N (x)]
and DY = max, DY where U"(x;) and U?"(x;) denote the numerical solution computed
using N and 2N mesh points. From these quantities the order of convergence is defined as
PN = log2(DDT]X,). In Tables 1 and 2, D{V and Dév denote the maximum pointwise errors of
U, and U, respectively, PIN and PZN denote the order of convergence with respect to U; and
U, respectively.

Example 5.1.

—eu”"(x) + (16 + x)u"(x) +u'(x) —u(x)=x, x € N
w(©0)=0, W'©)=0u'(1)=¢ fol %u’(x)dx.

Example 5.2.

—eu"(x) + (12 + x)u"(x) —u(x) =x, x €
u0)=0, WO)=0u'(1)=c¢ /01 %u’(x)dx.
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Component U 1 Component U ,

x1078
x1078 6
5
5
4
4
g s
o 5
x x
©
g g 2
1
0,
0
1000 N
T 0
> - 0.2
2000 g ) N 2000 ,¢ 0.4
epsilon : epsilon
Fig. 1. Maximum pointwise errors of the numerical solution of Example 5.1.
ComponentU Component U 2
%1078
6 0.012
5 0.01
4 ‘ 0.008
5 % 0.006
3° 5
3 g 0.004
E 2
0.002
! 0
0
0]
0
1000 —
— 0 0.2
N 2000 06 : N 2000 5 04
epsilon . epsilon

Fig. 2. Maximum pointwise errors of the numerical solution of Example 5.2.

6. DISCUSSION

We have solved a class of third order singularly perturbed boundary value problems with
integral boundary condition, using finite difference method on piecewise uniform mesh. Two
examples are presented which authenticate our proposed numerical method. We have proved
that the order of our numerical method is O(N~! In’N ) (see Tables 1, 2). Maximum pointwise
errors of Examples 5.1 and 5.2 are given in Figs. 1 and 2.
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