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Abstract. Mason introduced the notion of reflexive property of rings as a generalization of
reduced rings. For a ring endomorphism «, Krempa studied «-rigid rings as an extension
of reduced rings. In this note, we introduce the notion of w-quasi reflexive rings as a
generalization of «-rigid rings and a natural extension of the reflexive property to ring
endomorphisms. We investigate various properties of these rings and also study ring theoretic
extensions such as polynomial rings, trivial extensions, right (left) quotient rings, Dorroh
extensions etc. over these rings.
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1. INTRODUCTION

Throughout this article, all rings are associative with unity unless otherwise explicitly
mentioned and all ring endomorphisms are nonzero. Given a ring R, the polynomial ring
with an indeterminate x over R is denoted by R[x], the n by n full (resp., upper triangular)
matrix ring over R by M, (R) (resp., U,(R)), center of R by Z(R), E;; denotes the matrix
with (i, j)-entry 1 and other entries 0, and Z, denotes the ring of integers modulo r.

A subgroup H of a group G is normal if and only if fora, b € G,ab € H implies ba € H.
For arbitrary subsets of semigroups and rings, Thierrin [16] called this property as réflectif.
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Motivated by this, Mason in 1981 introduced the notion of reflexive property for ideals. Due
to Mason [14], a right ideal / of a ring R is called reflexive if fora, b € R, aRb C I implies
bRa C I and aring R is called reflexive if the zero ideal of R is reflexive. From the definition,
it is clear that every commutative ring is reflexive. Also semiprime rings are reflexive by an
easy computation [14].

Following the literature, a ring R is called reduced if it has no nonzero nilpotent elements.
A ring R is called reversible [3] if for a, b € R, ab = 0 implies ba = 0. Due to Bell [2], a
ring R is called an IFP (insertion-of-factors-property) ring if for a, b € R, ab = 0 implies
aRb = 0. A ring R is called abelian if each idempotent of R is central. The relations among
the classes of rings mentioned above are as follows.

Reduced = Reversible = IFP = Abelian
U

Reflexive

Krempa [10] extended the notion of reduced rings to ring endomorphisms. Due to
Krempa [10], an endomorphism « of a ring R is called rigid if for a € R, aa(a) = 0
implies @ = 0 and a ring R is called a-rigid [7] if there exists a rigid endomorphism « of R.
Following [7, pp. 218], any rigid endomorphism is injective and a-rigid rings are reduced.
Also from [1, Lemma 2.1(iii)], a ring R is «-rigid if and only if for a € R, a(a)a = 0
implies a = 0. Following [12], an endomorphism « of a ring R is called right (resp., left)
skew reflexive if for a, b € R, aRb = 0 implies bRa(a) = 0 (resp., «(b)Ra = 0) and a ring
R is called right (resp., left) a-skew reflexive if there exists a right (resp., left) skew reflexive
endomorphism o of R. A ring R is called «-skew reflexive [12] if it is both right and left
a-skew reflexive. Note that o-rigid rings are right a-skew reflexive by [12, Proposition 2.6].

Motivated by above, for a ring endomorphism ¢, we introduce the notion ¢«-quasi reflexive
rings as a generalization of «-rigid rings and a natural extension of the reflexive property to
ring endomorphisms. We begin with the following definition.

Definition 1.1. (1) An endomorphism « of aring R is called right (resp., left) quasi reflexive
if fora,b € R, aRa(b) = 0 implies bRa(a) = 0 (resp., a(a)Rb = 0 implies a(b)Ra = 0).
(2) A ring R is called right (resp., left) a-quasi reflexive if there exists a right (resp., left)
quasi reflexive endomorphism « of R.
(3) A ring R is called a-quasi reflexive if it is both right and left a-quasi reflexive.

Remark 1.2. (1) A ring R is reflexive if it is right (left) 1 g-quasi reflexive where 1z denotes
the identity endomorphism of R.
(2) Any domain R is a-quasi reflexive for any monomorphism « of R.

We provide non-trivial examples of «-quasi reflexive rings as follows.

Proposition 1.3. Let R be a reduced ring. Then

o 2) erer

is a-quasi reflexive where o : S — S is defined by

(6 2)=6 )
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Proof. Assume that A, B € S such that ASa(B) = 0 where

(a4 b] (a2 b2
A_<0 a1> andB_<O az)'

Then Aa(B) = 0 and so we have

ajay = 0. (1)
—arby + bya, = 0. 2)
From (1), we have aya; = 0 since R is reduced (and so reversible). Multiplying (2) by a,

from left and using a,a; = 0, we have a,b a, = 0. This gives (a2b1)> = 0 and so axb; = 0
as R is reduced. Thus bja, = 0 and bya; = 0. Then for any (;;) € S, we have

ay b\ (r s\ (ar —b1\ _ (ara; —axb+aysa;+byra;) _ 0
0 a/\0 r 0 a ) 0 arra B
as R being a reduced ring, is IFP. Thus BSa(A) = 0 and so § is right «-quasi reflexive. In a

similar way, we can show that S is left «-quasi reflexive and hence S is a-quasi reflexive. [

The condition “R is a reduced ring” in Proposition 1.3 cannot be replaced by “R is a
reversible ring” by the following example.

Example 1.4. We refer to the ring in [9, Example 2.1]. Let A = Z; {ao, a1, a2, by, by, b2, ¢}
be the free algebra with zero constant terms in noncommuting indeterminates ay, a;, az, bo,
b1, by, c over Z,. Note that A is a ring without unity and consider an ideal of the ring Z; + A,
say I, generated by

aopbo, apby 4 a1by, apby + a1by + axby, a1by 4 axby, axby, aprby, arrb;,
boay, boa + biag, boay + biay + bray, bray + baay, bras, borag, baray,
(ap + a1 + ax)r(bo + by + b2), (bo + b1 + ba)r(ap + a1 + az), and riryrary,

where r, ry, rp, 3, r4 € A. Then clearly A*CI.LetR = (Z, + A)/I. By [9, Example 2.1],
R is reversible. For simplicity, we identify the elements of Z, + A with their images in R.

Let
a b
s=|(2 )-aner]
and o : § — S be defined by
a b\ _ (a b
“WNo «))7\o a )

_fay a __(boc —bic
A_<O ao)andB—<O b0c>'

Clearly, A, B € S and for any (;;) € S, we have

ap  ap r s\ (boc bic\ (0 (aorby +airby)c 3)
0 ag)\O0 r 0 boc) \O 0 ‘

Forr =y + h, where y € Z, and h € A, we have

Let

(agrby + airbg) ¢ = y (aphy + a1by) ¢ + (aphby + a1hbg) c =0
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by the construction of /. Therefore from (3), we obtain AS«(B) = 0. However,

_ boc  —bic ap —ar\ _ 0 — (boca; + bicay)
B“(A)—(o boc)(O a0>—(0 0 >7é0

as boca; + bicag # 0, entailing BSa(A) # 0. Therefore S is not right a-quasi reflexive and
so S is not a-quasi reflexive.

Proposition 1.5. For a ring R with an endomorphism «, if R is «-rigid, then R is a-quasi
reflexive.

Proof. Let R be a-rigid and let a, b € R such that aRa(b) = 0. Then aa(b) = 0 and so
we have bRaa(bRa) = bR(aw(b))a(Ra) = 0. Since R is a-rigid, therefore bRa = 0. This
gives ba = 0 and so ab = 0 as «-rigid rings are reduced by [7, pp. 218]. Thus

bRa(a)a(bRua(a)) = bRa(ab)a(Ra(a)) = 0,

entailing bRa(a) = 0 as R is a-rigid. Therefore R is right «-quasi reflexive. Using the fact
that a ring R is «-rigid if and only if for a € R, a(a)a = 0 implies a = 0 (by [1, Lemma
2.1(ii1)]), we can show that R is left a-quasi reflexive by similar arguments. Hence R is
a-quasi reflexive. [

Of course by the help of Proposition 1.3, one can easily conclude that converse of
Proposition 1.5 need not be true. This shows that the notion of «-quasi reflexive rings is
a proper generalization of that of «-rigid rings. Next we show that the notions of w-quasi
reflexive and «-skew reflexive rings are independent of each other.

Example 1.6. (1) Consider a ring R = Z, @ Z, with usual addition and multiplication.
Let @ : R — R be an endomorphism defined by «((a, b)) = (b, a). For (a, b), (c,d) € R,
(a,b)Ra((c, d)) = 0 implies aZ,d = 0 = bZ,c, yielding (c, d)Ra((a, b)) = 0. Therefore R
is right «-quasi reflexive. In a similar way, we can show that R is left «-quasi reflexive and so
R is -quasi reflexive. However, R is neither right nor left «-skew reflexive by means of [12,
Example 2.7(1)].

(2) Let F be a field. Then o : F[x] — F[x] defined by a(f(x)) = f(0) is an
endomorphism. Since F[x] is a domain, therefore it is «-skew reflexive by [12, pp. 219].
For f(x) = 1+ x, g(x) = x € Flx], f(x)F[x]a(g(x)) = 0 but g(x)a(f(x)) = x # 0,
entailing g(x)F[x]a(f(x)) # 0. Therefore F[x] is not right «-quasi reflexive. Similarly, we
can show that F[x] is not left a-quasi reflexive.

Proposition 1.7. Let R be a reflexive ring and a an endomorphism of R. Then R is right
a-quasi reflexive if and only if R is left a-quasi reflexive.

Proof. Let R be right ¢-quasi reflexive and let a, b € R such that a(a)Rb = 0. Since R
is reflexive, therefore bRa(a) = 0. Again R is right «-quasi reflexive and so a Ra(b) = 0.
Again using the reflexive property of R, we obtain a(b)Ra = 0. Therefore R is left a-quasi
reflexive. Converse can be proved similarly. [J

The condition “R is a reflexive ring” in Proposition 1.7 is not superfluous by the following
example.
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Example 1.8. The argument here is due to [12, Example 2.2]. Let S be a reflexive ring.
Consider aring R = U,(S). By [11, Example 2.7], R is not reflexive.
(1) Let ¢ : R — R be an endomorphism defined by

(66 2)=6 o)

Assume that ARa(B) = 0 for

a b a b
A_<O c) andB_(O C,)eR.

Then for any (;;) € R, we have ara’ = 0 and so aSa’ = 0. Since S is reflexive, therefore
a’Sa = 0 and so BRa(A) = 0. Thus R is right a-quasi reflexive.

For
0 1 1 1
A=<0 1) andB:(O O)eR,

we have a(A)RB = 0 but

0 1
C((B)A:(O O) 750,

entailing «(B)RA # 0. Therefore R is not left @-quasi reflexive.
(2) Let @’ : R — R be an endomorphism defined by

(6 2)-62)

By applying arguments similar to (1), we can show that R is left «’-quasi reflexive which is
not right a’-quasi reflexive.

From Example 1.8, it is clear that a right (left) «-quasi reflexive ring need not be abelian.
Also from Example 1.6(2) and 1.8, we can conclude that the notions of reflexive and right
(left) a-quasi reflexive rings are independent of each other. However, we have the following.

Proposition 1.9. For a ring R with an endomorphism o such that o> = 1y, the following
are equivalent:

(1) R is reflexive.

(2) R is right a-quasi reflexive.

(3) R is left a-quasi reflexive.

Proof. Since « is an endomorphism of R such that a? = 1p so it is clear that « is bijective.

(1) = (2) Let R be reflexive and let a, b € R such that aRa(b) = 0. Then for any r € R,
there exists s € R such that a(s) = r and a(a)rb = a(asa(b)) = 0 as &> = 1. Therefore
a(a)Rb = 0 and so using the reflexive property of R, we have bRa(a) = 0. Thus R is right
«-quasi reflexive.

(2) = (1) Assume that R is right «-quasi reflexive. Let a, b € R such thataRb = 0. Since
a®> = 12 50 0 = aRb = aRa(a(b)) and using right a-quasi reflexive property of R, we have
a(b)Ra(a) = 0. Then for any r € R, a(bra) = a(b)a(r)a(a) = 0, yielding bra = 0 as « is
injective. Thus bRa = 0 and hence R is reflexive.

(1) < (3) can be proved similarly. [
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Remark 1.10. (1) For a reduced ring R, the ring S (as defined in Proposition 1.3) is reflexive
by [11, Proposition 2.5(2)(ii)] as reduced rings are semiprime. Moreover, a> = 15 and so by
Proposition 1.9, we can directly conclude that S is «-quasi reflexive.

(2) The conclusion of Proposition 1.3 remains true if we replace the condition “R is a
reduced ring” by “R is a semiprime ring” as for a semiprime ring R, the ring S (as defined in
Proposition 1.3) is reflexive by [11, Proposition 2.5(2)(ii)] and o =1y implies S is «-quasi
reflexive by Proposition 1.9. By the same argument, we can show that for a commutative ring
R, S is a-quasi reflexive.

Corollary 1.11. For a commutative or a semiprime ring R, the ring

o[ (s )oeres]

is a-quasi reflexive where a : S — S is defined by
ol (¢ b\\ (a —b
0 a))  \0 a ]’
2. PROPERTIES AND EXTENSIONS

In this section, we study ring theoretic properties and extensions related to the right version
of w-quasi reflexive rings.

For a nonempty subset S of aring R, the right annihilator of S in R is denoted and defined
by rr(S) = {r € R: Sr = 0}. The left annihilator is defined analogously and denoted by
LR(S).

Proposition 2.1. For a ring R with an endomorphism «, the following are equivalent:
(1) R is right a-quasi reflexive.
(2) For each a € R, a” ' (rg(aR)) = £r(Ra(a)).
(3) For any nonempty subsets A, B of R, ARa(B) = 0 if and only if BRa(A) = 0.
(4) For all right ideals 1, J of R, Ia(J) = 0 ifand only if Ja(I) = 0.
(5) Forall ideals I, J of R, Ia(J) = 0ifand only if Ja(I) = 0.

Proof. (1) = (2) Let R be right a-quasi reflexive. To prove a~!(rg(aR)) = £r(Ra(a)),
assume that b € o~ '(rg(aR)). This gives a(b) € rg(aR) and so aRa(b) = 0, entailing
bRa(a) = 0 as R is right a-quasi reflexive. This implies b € £r(Ra(a)) and so
a~!(rr(aR)) C Lr(Ra(a)).

Again let b € £gr(Ra(a)). This gives bRa(a) = 0. Since R is right a-quasi reflexive,
therefore a Ra(b) = 0, entailing a(b) € rr(aR) and so b € a~'(rg(aR)). Thus £x(Ra(a)) C
o~ Y(rr(aR)) and hence o~ ! (rg(aR)) = Lr(Ra(a)).

(2) = (3) Assume that (2) holds. Let A, B be nonempty subsets of R such that ARx(B) =
0. Then foralla € A and b € B, aRa(b) = 0. Clearly, b € a~'(rg(aR)) = £g(Ra(a)) and
so bRa(a) =0foralla € A, b € B. Thus we have

BRa(A) = Z bRa(a) = 0.

acA,beB
(finite)

Interchanging the roles of A and B, we obtain BRa(A) = 0 implies AR«(B) = 0.
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(3) = (4) Assume that (3) holds. Let I, J be two right ideals of R such that [« (J) = 0.
Then IR = I and JR = J. Thus 0 = la(J) = I Ra(J) and so by assumption, we have
0 = JRa(I) = Ja(I). Interchanging the roles of I and J, we see that Ja(I) = 0 implies
la(J)=0.

(4) = (5) is straightforward.

(5) = (1) Assume that (5) holds. Let a, b € R such that aRa(b) = 0. Then RaR and
RbR are ideals of R such that RaRa(RbR) = 0. By assumption, RbRa(RaR) = 0 and so
bRa(a) € RbRu(RaR) = 0. Hence R is right @-quasi reflexive. [J

For a ring R and for n > 2, consider the following rings

a dap -+ A
O a . e ary,
D,(R) = . . . . La,a;; € R
0 O a
and
al a2 .« .. an
O al e an71
Vi(R) = . . ca; € R

0 0 - a

which are subrings of M, (R). Note that R[x]/(x") = V,,(R), where (x") is the ideal of R[x]
generated by x”.

For simplicity, we use (a;, az, . . ., a,) € V,(R) to denote
al az e an
0 al e an71
0 0 - q

For a ring R with an endomorphism «, the correspondence (a;;) +> (a(a;;)) induce
endomorphisms of M,,(R), U,(R), D,(R) and V,,(R).

Proposition 2.2. For a ring R with an endomorphism o, R is right a-quasi reflexive if and
only if M,,(R) is right a-quasi reflexive for n > 2.

Proof. Assume that n > 2. Let R be right «-quasi reflexive and let 7, J be ideals in M, (R)
such that /a(J) = 0. Then there exist ideals A, B of R such that / = M,(A)and J = M, (B).
This gives 0 = Ia(J) = M,(A)a(M,(B)) = M,(A)M,(¢(B)) = M,(Ax(B)), entailing
Aa(B) = 0. Since R is right «-quasi reflexive, therefore by Proposition 2.1(5), Ba(A) = 0
and so

Ja(l) = My(B)a(M,(A)) = M,(Ba(A)) = 0.

Thus M, (R) is right a-quasi reflexive by Proposition 2.1(5). Conversely, assume that M, (R)
is right a-quasi reflexive. Let A, B be ideals in R such that Aa«(B) = 0. Then M,(A)
and M, (B) are ideals in M, (R) such that M,(A)a(M,(B)) = M,(Ax(B)) = 0 and so
M,(B)a(M,(A)) = 0 by assumption. This gives Ba(A) = 0 and so R is right a-quasi
reflexive by Proposition 2.1(5). O
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Proposition 2.3. For any ring R with an endomorphism o such that a(1) = 1, we have
(1) U, (R) is not right a-quasi reflexive for n > 2.
(2) D, (R) is not right a-quasi reflexive for n > 3.

Proof. (1) Assume that n > 2. For A = E», B = E;; € U,(R), it is clear that
AU,(R)a(B) = 0, however, Ba(A) = A # 0, entailing BU,,(R)x(A) # 0 and so U,(R)
is not right @-quasi reflexive.

(2) Assume that n > 3. For A = Ey, B = E» € D,(R), we have AD,(R)x(B) = 0,
however, Ba(A) = E 3 # 0, entailing BD,(R)x(A) # 0 and so D, (R) is not right a-quasi
reflexive. [

Remark 2.4. (1) Let A be aring and & an endomorphism of A such that «(1) = 1. Consider
therings R = M»(A) and S = U,(A). Clearly, S is a subring of R. Note that R is right a-quasi
reflexive by Proposition 2.2, however, S is not right a-quasi reflexive by Proposition 2.3(1).
This shows that the class of right «-quasi reflexive rings is not closed under subrings.

(2) Recall that a ring R is called directly finite if for a,b € R, ab = 1 implies ba = 1.
Abelian rings are directly finite by [13, Lemma 3.4]. Following [15, Theorem 1.0], there
exists a domain D for which M,(D) is not directly finite. For a given monomorphism « of
D, D is right «-quasi reflexive by Remark 1.2(2) and so by Proposition 2.2, M»(D) is right
a-quasi reflexive. This shows that a right a-quasi reflexive ring need not be directly finite.

Proposition 2.5. For a semiprime ring R with an endomorphism «, R is right a-quasi
reflexive if and only if V,(R) is right a-quasi reflexive for n > 2.

Proof. Note that for a semiprime ring R, aRb = O if and only if a RbRb = Oforalla, b € R,
by [11, Proposition 2.5(2)(i)]. We use this fact freely without reference.

Assume that n > 2. Let R be right a-quasi reflexive and let A = (ay,ay, ..., a,),
B = (by,by,....b,) € V,(R) such that AV,(R)x(B) = 0. Then for any r € R,
A(r,0,...,0)a(B) = 0. Thus we have the following equations.

ajra(by) =0. “4)
ajroa(by) + axra(by) = 0. ®))
ajra(bs) + arra(by) + azra(by) = 0. (6)
arra(by) + axra(bg_1) + - - - + ar_1ro(by) + axra(by) = 0. @)
Clerl(bn) + aZrOl(bnfl) + -+ Clnfll"()[(bz) + anra(bl) =0. (8)
From (4), we obtain
alROl(bl) =0. (9)

Multiplying (5) by s« (b;) from right for any s € R and using (9), we get

a)Ra(by) = 0. (10)
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Therefore (5) becomes

aiRa(by) = 0. an
Thus we have
aiRa(bj) =0forall2 <i+ j < 3. (12)
Assume that
aiRa(bj) =0forall2 <i+ j <k. 13)

Multiplying (7) from right by sy0e(by), s, (bs), . . ., sg—1a(br—1) for any sy, 52, ..., sk—1 € R,
in turn, and using (13), we obtain

aiRa(b;) =0foralli + j =k. 14)
By induction, we have
aiRa(b;) =0forall2 <i+j<n+1. (15)
Since R is right «-quasi reflexive, therefore
bjRa(a;) =0forall2 <i+j<n-+1

and so BV,,(R)a(A) = 0. Thus V,,(R) is right «-quasi reflexive.

Conversely, assume that V,(R) is right a-quasi reflexive. Let a, b € R such that a Ra(b) =
0. Then A = (a,0,...,0), B = (b,0,...,0) € V,(R) such that AV, (R)a(B) = 0.
By assumption, BV, (R)a@(A) = 0 and so bRa(a) = 0. Therefore R is right «-quasi
reflexive. [

Remark 2.6. The condition “R is a semiprime ring” in Proposition 2.5 is not superfluous,
i.e., for a right @-quasi reflexive ring R, V,,(R) need not be right a-quasi reflexive for n > 2
by Example 2.15 to follow.

For a ring R and an (R, R)-bimodule M, the trivial extension of R by M is the ring
T(R, M) = R & M with usual addition and the following multiplication:

(r1, m)(r2, ma) = (riry, rima + mra).

This ring is isomorphic to the ring of all matrices (;; )where » € R and m € M, and the
usual matrix operations are used.

Corollary 2.7. For a semiprime ring R with an endomorphism o, the following are
equivalent:

(1) R is right a-quasi reflexive.

(2) T(R, R) is right a-quasi reflexive.

(3) R[x]1/(x™) is right a-quasi reflexive for n > 2.

For an endomorphism « of a ring R and an ideal / of R with o(/) < I, the mapping
a: R/I — R/I defined by a(r + I) = a(r) 4+ I for r € R, induces an endomorphism of
R/I. The class of right «-quasi reflexive rings is not closed under homomorphic images by
the help of [11, Example 2.8].
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Proposition 2.8. For a ring R with an endomorphism a and an ideal I of R with (1) C I,
if R/1 is right &-quasi reflexive and I is a-rigid as a ring (possibly without unity), then R is
right a-quasi reflexive.

Proof. Assume that / is «-rigid as a ring and R/ is right a-quasi reflexive. Let a, b € R
such that aRa(b) = 0. Then (a + I) R/I a(b + 1) = I and so bRa(a) < I as R/I is right
a-quasi reflexive. Thus we have

bRa(a)aRa(bRua(a)aR) = (bRa(a))aRa(b)a(Ra(a)aR) = 0.

Clearly, bRa(a)aR < I and since [ is «-rigid, therefore bRa(a)aR = 0, entailing
bRa(a)a = 0. Since «-rigid rings are reduced and reduced rings are reversible, therefore
bRa(a)a = 0 implies abRa(a) = 0. Thus

bRa(a)a(bRa(a)) = bRa(abRa(a)) =0
and so bRa(a) = 0 as [ is a-rigid. Hence R is right a-quasi reflexive. [
The condition “I is «-rigid as a ring (possibly without unity)” in Proposition 2.8 is not

superfluous by the following example.

Example 2.9. The argument here is due to [12, Example 2.10]. Let F be a field. Consider a
ring R = U,(F) and an endomorphism « : R — R defined by

a b _fa b
“WNo ¢J)=\o ¢ )
Then ARa(B) = 0 where
0 1 1 1
A:(O 0) andB:(0 O)ER.

However, Ba(A) = —A and so BRa(A) # 0. Therefore R is not right o-quasi reflexive.
Consider an ideal I of R, given by

(O D) ver].

Clearly, I is not «-rigid as 0 # A € I and Ax(A) = 0. The quotient ring R/I, given by

R/1={<8 (C)>+I:a,ceF}

is reduced and « is the identity endomorphism of R/I, entailing R/I is right a-quasi
reflexive.

Next we show that the “right «-quasi reflexive property” is preserved under isomorphisms.
Proposition 2.10. Let R be a ring with an endomorphism «. Let S be a ring and let

o : R — S be an isomorphism. Then R is right o-quasi reflexive if and only if S is right
a-quasi reflexive where & = o o o o\,

Proof. Let R be right ¢-quasi reflexive. Let x, y € S such that xSa(y) = 0. Sinceo : R — S
is bijective so there exist @, b € R such that o(a) = x, o(b) = y. Then

o(aRa(b)) = o(a)o (R)o(a(o ™" (0(h))) = xSa(y) =0
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and so aRa(b) = 0 as o is bijective. This gives bRa(a) = 0 as R is right «-quasi reflexive
and so ySa(x) = 0 by similar argument. Therefore § is right @-quasi reflexive. Converse can
be proved similarly. O

Proposition 2.11. Let R be a ring with an endomorphism o such that a(e) = e for
e?=e¢cR.

(1) If R is right a-quasi reflexive then so is eRe.

(2) If e € Z(R), then R is right a-quasi reflexive if and only if eR and (1 — e)R are right

a-quasi reflexive.

Proof. (1) Let R be right «-quasi reflexive and let a, b € eRe such that a(eRe)x(b) = 0.
Then ae = a = ea and be = b = eb. Thus aRa(b) = a(eRe)a(b) = 0 as a(e) = e. Since R
is right @-quasi reflexive, therefore b(e Re)a(a) = bRa(a) = 0 by similar argument. Hence
eRe is right a-quasi reflexive.

(2) Necessity is clear from (1). Let e € Z(R). Assume that eR and (1 — e)R are right
a-quasi reflexive. Let a, b € R such that a Ra(b) = 0. Since e is central idempotent in R and
o(e) = e, therefore ea(eR)a(eb) = 0 and (1 — e)a((1 — e)R)a((1 — e)b) = 0. Since eR is
right a-quasi reflexive so ebRa(a) = eb(eR)x(ea) = 0. Similarly, (1 — e)R is right a-quasi
reflexive implies that (1 — e)bRa(a) = 0. Thus bRa(a) = ebRa(a) + (1 — e)bRa(a) = 0
and hence R is right a-quasi reflexive. [

Remark 2.12. Let {R; : A € A} be a class of rings such that for each A € A4, a; is an
endomorphism of R;. Then the mapping & : [[,c4Rx — [[,c4 R defined by a((ay)) =
(a(ay)) induces an endomorphism of the direct product [, _,R;. It is easy to prove that
[ ;4 R>. is right a-quasi reflexive if and only if each R, is right «; -quasi reflexive.

Due to Hirano [6], a ring R is called quasi-Armendariz if for f(x) = Z;":Oaix" ,
gx) = Zﬁzobjxj € R[x], f(x)R[x]g(x) = 0 implies a; Rb; = 0 for all i, j.
For a ring R with an endomorphism «, the mapping & : R[x] — R[x] defined by

o (Z a,-x’) = Za(a[)xi
i=0 i=0
induces an endomorphism of R[x].

Proposition 2.13. For an endomorphism o of a quasi-Armendariz ring R, the following are
equivalent:

(1) R is right a-quasi reflexive.

(2) R[x] is right a-quasi reflexive.

Proof. (1) = (2) Let R be right «-quasi reflexive. Let f(x) = Z:":(,a,-xi, glx) =
Z'}zob jxj in R[x] such that f(x)R[x]a(g(x)) = 0. Since R is quasi-Armendariz, therefore
aiRa(b;) = 0 and so b;Ra(a;) = 0 for all 7, j as R is right a-quasi reflexive. This gives
gX)R[x]a(f(x)) = 0 and so R[x] is right a-quasi reflexive.

(2) = (1) Assume that R[x] is right @-quasi reflexive. Let a, b € R such that a Ra(b) = 0.
Then aR[x]a(b) = aR[x]a(b) = 0 by [6, Lemma 2.1]. By assumption, bR[x]a(a) = 0 and
so bRa(a) = 0. Therefore R is right a-quasi reflexive. O
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The condition “R is a quasi-Armendariz ring” in Proposition 2.13 is not superfluous,
i.e., for a right «-quasi reflexive ring R, R[x] need not be right a-quasi reflexive by the
following example.

Example 2.14. We refer to the ring in [8, Example 2.8]. Let A = Z; {ay, ai, az, by, by, by, ¢}
be the free algebra with zero constant terms in noncommuting indeterminates ao, ai, daz, bo,
b1, by, c over Z,. Note that A is a ring without unity and consider an ideal of the ring Z, + A,
say I, generated by

ag, b3, a3, b3, aphy, boay, azby, bras, apray,

borbo, aol"bo, b()}"ao, arrdaj, bzrbz, Clzrbz, bzraz,

apb1 + aiby, boay + biay, a1by + aby, bias + boay,

apay + aiag, boby + biby, ayay + azay,

biby + byby, apbs + a1by + azbo, boas + biay + baay,

aopar + 6112 + axag, boby + b% + byby,

(ao + ai + ax)r(bo + by + by), (bo + by + ba)r(ap + a; + az),

(ap + ar + ax)r(ap + ar + az),

(bo + b1 + ba)r(bo + by + ba), rirarary,
where r, 71,12, 73,74 € A. Then clearly A* € I.Let R = (Z, + A)/I. Let o be an
automorphism of Z, + A defined by

dap, ap, az, bO’ bl’ b2’ C = b(), bl, sz ap, ap, az, C.

Since o (/) € I, we obtain an endomorphism « of R such that a(s + I) = o(s) + I for
s €Zy)+ A.

We call each product of the indeterminates ag, a;, az, by, b1, bo, c a monomial and a
monomial of degree n means a product of exactly n number of indeterminates. Let H, be
the set of all linear combinations of monomials of degree n over Z,. Note that H, is finite
for any n and that the ideal I/ of R is homogeneous (i.e., if Zler,- € I with r; € H; then
every r; € I). We adopt the method used in [9, Example 2.1] to show that R is right a-quasi
reflexive.

Claim 1. If fio(g)) € I for fi, g1 € H, then g1o(f) € 1.

Proof. Let f1, g, € H such that fio(g;) € I. By the definition of /, we have the following
cases:

(f1 = a0, g1 = ao), (fi = ao, &1 = bo), (fi = bo, &1 = bo), (f1 = bo, g1 = ao),
(fi = a2, &1 = @), (f1 = a2, g1 = b2), (f1 = b2, g1 = b2), (f1 = b2, g1 = @),
(fi=ao+ar+a, g =ao+a+a), (fi =ao+ a1 +az, g1 =bo+ b1+ ba),
(Ji=bo+ b1+ b2, 81 =bo+ b1 + ba), (fi =bo+ b1 + b2, 81 = ap + a1 + a2).

So we obtain the result, using the definition of / and o.

Claim 2. If fo(g) € [ for f,g € Athen go(f) € I.
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Proof. Let f,g € A such that fo(g) € I. We may write [ = fi1 + 2 + f53 + f1,
g =8 + & + g3+ g4 for some f;,g; € H; (fori = 1,2,3) and some fy, g4 € I as
H; € I fori > 4. Then fo(g) = fio(g1) + fio(g2) + fo(g1) + h with h € I. Thus
fo(g) € I implies fio(g1) + fio(g2) + f20(g1) € I. Since [ is homogeneous, therefore
fio(g1) € 1, fio(g2) + fr0(g1) € I. From fio(g;) € I, we have g;0(f;) € I by Claim 1.
We show that g10(f2) + g20(f1) € 1. From fi0(g2) + f20(g1) € I, we have the following
cases:

(f1 = ao, g1 = ao), (f1 = ao, &1 = bo), (f1 = bo, &1 = bo), (f1 = bo, g1 = ao),
(fi = a2, g1 = @), (fi = az, &1 = b2), (/i = b2, &1 = b2), (/i = b2, 1 = a2),
(fi=a0+ai+az, g =ao+ar+a), (fi =ao+ai +az, g = bo+ b1 + by),
(fi =bo+ b1+ bz, g1 =bo+ b1+ ), (fi =bo+ b1+ b2, g1 = ap + a1 + a).
If f>, g» € I then clearly g,0(f>) + g20(f1) € I. So we consider other cases of f, and g;.
When f; = ag, g1 = ap, we may obtain the following cases:
(f2 €l g2 =aot),(f2 € 1,82 =tag), (f2 € I, g2 = bot), (f2 € 1, g2 = thy),
(f2=aos, 82 € I),(f2 =sa0, 82 € I),(f2 = bos, g2 € I), (f2 = sbo, g2 € 1),
(f2 = aos, g2 = aot), (f2 = aos, g2 = tao), (f2 = aos, g2 = bot), (f2 = aos, g2 = tho),
(f2 = sao, g2 = aot), (f2 = sao, g2 = tao), (f2 = sao, g2 = bot), (f2 = sao, g2 = tbo),
(f2 = bos, g2 = aot), (f2 = bos, g2 = tao), (f2 = bos, g2 = bot), (f2 = bos, g2 = tho),
(f2 = sbo, g2 = aot), (f2 = sbo, g2 = tao), (f2 = sbo, g2 = bot), (f2 = sbo, g2 = tbo),
where s, € H;. Then g10(f2) + g20(f1) = aoo (f2) + g2bo € 1.

The computations for other cases are similar. Thus go(f) = gio(f1) + g10(f2) +
g20(f1) + k with k € I, is also contained in I.

Claim 3. If go(h) € I for g,h € Zy + A then ho(g) € 1.

Proof. Let g, h € Z,+ A such that go(h) € I. We may write g = k+g’, h = £+ h' for some
k,¢ € Z, and some g’, h’ € A. Since go(h) = kl + ko (h') + g'¢ + g'o(h’) € I, therefore
k =0or € = 0. Assume that k = 0. Then g'l + g'o(h’) € I andso g’, g'o(h’) € I as I is
homogeneous and ¢ € Z,. Therefore by Claim 2, /o (g’) € I and consequently ho(g) € I.
For the case of £ = 0, we obtain ho(g) € I similarly.

Claim 4. If g(Zy+ A)o(h) € I for g, h € Zr + A then h(Z, + A)o(g) € 1.

Proof. Let g, h € Z, + A such that g(Z, + A)o(h) € I. Clearly, go(h) € I and so for any
r € Zp + A, we have go(hr) € I. By Claim 3, hro(g) € I. Since r € Z, + A is arbitrary,
therefore h(Z, + A)o(g) € 1.

Claim 5. R is right a-quasi reflexive.

Proof. Letg+ I,h+ 1 € Rsuchthat (g + I)Ra(h+ 1) = I.Then g(Z, + A)a(h) € I and
so by Claim 4, h(Z, + A)o(g) € I, entailing (h + I)Ra(g + I) = 1. Therefore R is right
a-quasi reflexive.

Consider R[x] = (Z, + A)[x]/I[x]. For simplicity, we identify the elements of Z, 4+ A
with their images in R. For f(x) = ap+a;x +axx?, g(x) = byc + bicx + byex? € R[x] and
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foranyr =k +h € R, where k € Z; and h € A, we have
f@ra(gx)) = (ap + arx + agxz)r(aoc +ajcx + azcxz)

= (apay + ajap)kcex + (apar + a% + azao)kcx2 + (a1ap + azal)kcx3
+ (aphay + aihag)cx + (aghar + a ha; + arhag)cx?
+ (arhay + azhal)cx3

=0.

Since r € R is arbitrary, therefore f(x)Ra(g(x)) = 0 and so by [6, Lemma 2.1], we
have f(x)R[x]a(g(x)) = 0. However, g(x)a(f(x)) # 0 as bocb; + bicby # 0 and so
g(x)R[x]a(f(x)) # 0. Therefore R[x] is not right a-quasi reflexive.

Next we show that for a right @-quasi reflexive ring R, V,(R) need not be right @-quasi
reflexive for n > 2.

Example 2.15. Consider the ring in Example 2.14, i.e., R = (Z, + A)/I with the
endomorphism « where A, I and o are as defined in Example 2.14. Then R is right «-
quasi reflexive. For simplicity, we identify the elements of Z, + A with their images in R.
Assume that n > 2. For A = (a9, 0, ...,0,a1), B = (byc,0,...,0,bic) € V,(R), we have
AV, (R)a(B) = 0 by applying arguments similar to those given in Example 1.4. However,
Ba(A) # 0 as bocb) + bichby # 0, entailing BV, (R)x(A) # 0 and so V,,(R) is not right
a-quasi reflexive.

A regular element in a ring R is any nonzero divisor. For a multiplicatively closed (m.c.
for short) subset S of a ring R consisting of regular elements, we denote by RS™! (resp.,
S~'R), the right (resp., left) localization of R at S, which is also called the right (resp., left)
quotient ring of R with respect to S. An m.c. subset S of a ring R is called right (resp., left)
Ore if foreachr € R and s € S, there exist r; € R and s; € S such that rs; = sry (resp.,
sir = rys), e, rSNsR # @ (resp., Sr N Rs # (). Following [5, Theorem 6.2], an m.c.
subset S of a ring R consisting of regular elements is right (resp., left) Ore if and only if the
right (resp., left) quotient ring of R with respect to S exists.

For an automorphism « of a ring R with «(S) € S where S is an m.c. subset of R
consisting of regular elements, the mapping & : RS™' — RS~' defined by a(rs~!) =
a(r)a(s)™! for r € R and s € S, induces an automorphism of RS~!. The induced
automorphism of S~! R is defined analogously.

Proposition 2.16. For a right Ore subset S of a ring R consisting of regular elements and
an automorphism « of R with a(S) C S, if R is right a-quasi reflexive, then RS™" is right
a-quasi reflexive.

Proof. Let R be right a-quasi reflexive and let A = au~!, B = bv™' € RS™! be such
that A(RS™Da(B) = 0 where a,b € R and u,v € S. Then 0 = ARS Ha(B) =
a(RS Ha)a()™! as u"'(RS™") = RS~!. Then for any rs”' € RS™!, we have
a(rs Ha®)a(v)~! = 0. For a(b) € R and s € S, there exist b; € R and s; € S such that
a(b)sy = sby and s~'a(b) = bysy ' as S is right Ore. This gives 0 = ar(s~'a(b))a(v)™! =
arl;lsfloz(v)_l for any r € R and so aRb; = 0. From aRb; = 0 and «(b)s; = sb;, we have
0 = arsb, = ara(b)s, for any r € R and so aRa(b) = 0. Again v '(RS™!) = RS~ and so
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B(RS™MHa(A) = b(RS™Ha(a)a(u)~". Consider b(rs"a(a)a(u)~" for any rs~' € RS~
Since a(a) € R and s € S, there exist a, € R and s, € S such that «(a)s; = sa, and
s~ 'a(a) = ays; "' by similar argument. Then b(rs ™ a(a)a(u)™" = (bras)s; 'a(u)~'. Since
o is an automorphism of R and a(S) C S, therefore there exist @, € R and s',s;, € §
such that a(a)) = as, a(s’) = s and a(s)) = s,. Then a(a)s, = sa, implies as) = s'a)}
and so from aRa(b) = 0, we have 0 = asjra(b) = s'ajra(b) for any r € R and
so ayRa(b) = 0. Since R is right «-quasi reflexive, therefore 0 = bRa(a}) = bRay
and so b(rs Da(a)a(w)™! = (l)raz)s;lot(u)’1 = 0 for any rs~' € RS~!'. Therefore
B(RS™Ha(A) = 0 and hence RS~! is right &-quasi reflexive. [

By applying arguments similar to those given in the proof of Proposition 2.16, we have
the following.

Proposition 2.17. For a left Ore subset S of a ring R consisting of regular elements and
an automorphism a of R with a(S) C S, if R is right a-quasi reflexive, then S™'R is right
a-quasi reflexive.

Proposition 2.18. For an m.c. subset S of a ring R consisting of central regular elements
and an endomorphism a of R with «(S) € S and o(1) = 1, R is right a-quasi reflexive if
and only if ST'R is right a-quasi reflexive.

Proof. Necessity is clear from the proof of Proposition 2.16. For the sufficiency part,
assume that S™'R is right @-quasi reflexive. Let a,b € R such that aRa(b) = 0. Then
a(S~'R)a(b) = 0. By assumption, b(S~'R)@(a) = 0 and so bRa(a) = 0 as a(l) = 1.
Hence R is right «-quasi reflexive. [

The ring of Laurent polynomials in x over aring R, consisting of all formal sums Z;’:kr,-x"
with usual addition and multiplication, where r; € R and k, n are integers, is denoted by
R[x: x~ 1.

For a ring R with an endomorphism o, & : R[x; x~ 11— R[x; x71] defined by

o (Z r,-x’) = Za(r,-)x[
i=k i=k
induces an endomorphism of R[x; x~'].

Corollary 2.19. For a ring R with an endomorphism o such that (1) = 1, R[x] is right
a-quasi reflexive if and only if R[x; x~'] is right &-quasi reflexive.

Proof. Since § = {1, x,x?,...} is an m.c. subset of R[x] such that R[x; x~'] = S™'R[x],
it follows directly from Proposition 2.18. [J

For an algebra R over a commutative ring S, the Dorroh extension [4] of R by S is the
abelian group D = R @ S with multiplication given by

(r1, s1)(r2, 82) = (riry + 5112 + 5211, 5152).

For an S-endomorphism « of R and the Dorroh extension D of R by S, : D — D
defined by a((r, s)) = («(r), s), is an S-algebra endomorphism.
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Proposition 2.20. Let R be an algebra over a commutative ring S and o an S-endomorphism
of Rwith a(1) = 1. Then R is right a-quasi reflexive if and only if the Dorroh extension D
of R by S is right a-quasi reflexive.

Proof. Clearly, any s € S can be writtenass = sl € Randso R ={r + s : (r,s) € D}. Let
R be right a-quasi reflexive and let (71, s1), (r2, s2) € D such that (r{, s;)Da((r2, s2)) = 0.
Then for any (r,s) € D, (r1, s1)(r, s)(«(r2), s2) = 0. This gives rira(ry) + siro(r) +
srio(ry)+sorir+sos1r+so5r1+s15a(ry) = 0 and 51550 = 0. Thus (71, 51)(r, s)(a(r), s2) =0
is equivalent to (r; +s1)(r +5)(@(r2)+s2) = 0 and 5155, = 0. Therefore (r +s1)Ra(r,+52) =
0as a(l) = 1 and s;Ss, = 0. Since R is right «-quasi reflexive and S is commutative,
therefore (r, + sp)Ra(r) + 51) = 0 and 5,Ss; = 0 and so (r;, s;) Da((r, s1)) = 0 by similar
arguments. Therefore D is right a-quasi reflexive. Conversely, assume that D is right a-quasi
reflexive. Clearly, e = (1,0) € D satisfy e? = e and @(e) = e. Also, eDe = R and so by
Propositions 2.10 and 2.11(1), R is right a-quasi reflexive.

The condition “«(1) = 17 in Proposition 2.20 is not superfluous by the following example.

Example 2.21. Consider aring R = Uy(Z,). Let ¢ : R — R be an endomorphism defined

’ (66

Then R is right a-quasi reflexive by Example 1.8(1). Since any ring can be regarded as a
Z-algebra so we consider the Dorroh extension D of R by Z. For

a= (2 D)) = (3 1)) =k

it is clear that ADa(B) = 0 but Ba(A) = B # 0 and so BDa(A) # 0. Therefore D is not
right a-quasi reflexive.
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